By the Lefschetz hyperplane theorem, if X ⊂ P N is a smooth, projective variety and C := X ∩ L is a positive dimensional intersection of X with a linear subspace, then the natural map
Definition 1. A family of schemes over a normal variety X over C is a diagram
(1.1)
Our main interest is in families where M is irreducible and p is flat with irreducible fibers. The family (1.1) satisfies the Lefschetz property if the following holds.
For every Zariski open subset ∅ = X 0 ⊂ X there is a Zariski open subset ∅ = M 0 ⊂ M such that, for every m ∈ M 0 , the induced map u(X 0 , m) * : π 1 C m ∩ u −1 (X 0 ) → π 1 (X 0 ) is surjective.
We say that (1.1) satisfies the weak Lefschetz property if there is a constant N (independent of X 0 ) such that, for suitable choice of M 0 , the image of u(X 0 , m) * has index at most N in π 1 (X 0 ). Notes. We ignore the base point since the surjectivity of the maps between the fundamental groups of connected schemes does not depend on the choice of a base point. The Lefschetz properties over arbitrary base fields are considered in (21).
Our main Theorem 5 is somewhat technical, though I believe it to be essentially optimal. The original arguments of [Kol00, Kol03] need high degree very free rational curves. By contrast, the current proof frequently works for the lowest degree free curves. As an illustration, a simple yet nontrivial example is given by lines on hypersurfaces.
Corollary 2. Let X ⊂ P n be a smooth hypersurface of degree d over C. The following are equivalent.
(1) The family of lines has the Lefschetz property.
(2) The family of lines has the weak Lefschetz property. (3) d ≤ n − 2 or X is a line in P 2 .
Let us start with some situations when the Lefschetz property fails.
Example 3. Let M ← C M u → X be a flat, irreducible family of irreducible varieties. (3.1) Assume that u is not dominant. Then any X 0 ⊂ X \ u(C M ) with infinite fundamental group shows that the weak Lefschetz property does not hold.
(3.2) Assume that there is an open subset X * and a dominant morphism to a positive dimensional variety q : X * → Z * such that every X * ∩ C m is contained in a fiber of q for general m ∈ M . (We say that X is generically C M -connected if there is no such map q : X * → Z * ; see (12) for a better definition.) Let Z 0 ⊂ Z * be an open subset and
If Z 0 has infinite fundamental group then the weak Lefschetz property fails. → X where v is finite, genericallyétale of degree > 1 and w has geometrically irreducible generic fiber (see [Kol03, Lem.9] for the non-proper variant used here). Let X 0 ⊂ X be an open set such that v isétale over X 0 and
In this case the Lefschetz property fails but the weak variant could hold with N = the number of geometric irreducible components of the generic fiber of u.
More generally, we see that the weak Lefschetz property for M ← C M u → X is equivalent to the weak Lefschetz property for M ← C M w → Y . The advantage is that w : C M → Y has geometrically irreducible generic fiber.
(3.4) An extreme case of the above is when u : C M → X is generically finite. Then w : C M → Y is birational and (3.2) applies to p : C M → M . Thus the weak Lefschetz property does not hold for M ← C M u → X. (A trivial exception is when M is a single point, giving the case X = P 1 in (2.3).) (3.5) A difficulty in using the reduction method of (3.3) is that being generically C M -connected changes as we pass from X to Y . A typical example is the following.
For some n ≥ 2 set X = S 2 P n \ (diagonal). Its universal cover isX = P n × P n \ (diagonal). Letũ :C L →X be the family of lines that are contained in some P n × {point} and u : C L → X the corresponding family of lines in X. Note that X is generically C L -connected butX is not genericallyC L -connected.
Since each point in X has 2 preimages inX, each fiber of u has 2 irreducible components.
For an open set W ⊂ P n let X W ⊂ X denote the image of W × W . Then there is an extension
and for any line C m , the image of π 1 C m ∩ X W lies in the first summand π 1 (W ). Thus if π 1 (W ) is infinite then even the weak Lefschetz property fails.
(3.6) Continuing with the previous example, letw :C Q →X be the family of conics (that is rational curves of bidegree (1, 1)) and w : C Q → X the corresponding family of conics in X. Here bothw and w have connected fibers. It follows from our results thatw :C Q →X satisfies the Lefschetz property but w : C Q → X only satisfies the weak Lefschetz property (with N = 2). 
.10]), thus the index in Definition 1 increases as we pass from X to X 0 . That is,
Our first result says that these examples almost explain every failure of the Lefschetz property.
Proposition 4. Let X be a normal variety over C and M ← C M → X a flat, irreducible family of irreducible varieties. Then each of the following statements implies the next.
(1) M ← C M → X satisfies the Lefschetz property.
(2) C M → X is dominant, has geometrically irreducible generic fiber and X is generically C M -connected. In any concrete situation is usually easy to check that C M → X is dominant and has geometrically irreducible generic fiber. Being generically C M -connected is not always clear but it holds if X is smooth, proper, has Picard number 1 and M ← C M u → X is a locally complete family of free curves; see [Kol96, IV.4 .14]. Sometimes the difference between the Lefschetz property and the weak Lefschetz property is minor, but in the arithmetic applications [Kol00, CT00, KS03] having surjectivity is essential. The following main technical result says that if we avoid the bad situations (3.1-3) and we have surjectivity for π 1 (X) itself then the Lefschetz property holds. More generally, the extent of any failure of the Lefschetz property is determined by X itself.
→ X be a family of varieties over a smooth (not necessarily proper) variety X, defined over C. Assume that
(1) p and u are both smooth with irreducible fibers, (2) u is surjective and
We already know from Proposition 4 that both images in (5.4) are finite index subgroups. Thus (5.4) is equivalent to the equality
If X is simply connected then the right hand side of (5.4) equals π 1 (X 0 ). Thus, in this case, we assert that As a significant example, let X be smooth, proper and M ⊂ Mor(P 1 , X) a nonempty, irreducible, open subset with universal morphism u :
Corollary 6. Let X be a normal, proper variety and M ⊂ Mor(P 1 , X) a nonempty, irreducible, open subset parametrizing free maps with universal morphism u :
Proof. The projection M × P 1 → M is obviously smooth and u is smooth by [Kol96, I.3.5.4] since we parametrize free morphism. We apply Theorem 5 to X * := u M × P 1 replacing X. By assumption, X * is obtained from the simply connected smooth variety X \ Sing X by removing a closed subscheme of codimension ≥ 2. Thus X * is also simply connected and hence the right hand side of (5.3) equals π 1 (X 0 ).
Remark 7.
If M x is reducible for general x ∈ X then instead of u : M × P 1 → X one can work with the family of rational curves obtained by smoothing a bouquet of rational curves through x, one from each irreducible component of M x .
Note that the assumptions (6.1-3) hold if X is smooth and has Picard number ρ(X) = 1. Thus we get the following.
Corollary 8. Let X be a smooth proper variety with ρ(X) = 1. Let M ⊂ Mor(P 1 , X) be a nonempty, irreducible, open subset parametrizing free maps. Then the universal morphism u : M × P 1 → X satisfies the Lefschetz property iff M x is irreducible for general x ∈ X. 9 (Proof of Corollary 2). Let M ← C M u → X be the universal family of lines. Let x ∈ X be a point. After a coordinate change, we may assume that x = (1:0: · · · :0). Write the equation of X d as
The family of lines in X through x is then given by the equations (1)
. . , r − 1. We say that the chain starts at u 1 (a 1 ) ∈ X and ends at u r (b r ) ∈ X or that it connects u 1 (a 1 ) and u r (b r ).
A C M -chain determines a reducible variety ∨ r i=1 C i obtained from the disjoint union of C 1 , . . . , C r by identifying b i ∈ C i with a i+1 ∈ C i+1 for i = 1, . . . , r − 1. The morphisms u i then define a morphism ∨ i u i : ∨ i C i → X. If the C i are connected then the image of ∨ i u i is a connected subscheme of X which contains the starting and end points of the chain.
Starting with M ← C M u → X the set of all pairs (C m , a) (resp. triples (C m , a, b)) is naturally given by
where the marked points are given by the diagonal maps
Here π i denotes the ith coordinate projection and δ i maps the first C M identically to the ith factor and the second C M diagonally to the other 2 factors. Thus all C M -chains of length 1 are parametrized by
which we denote from now on by
Out of this we get that all C M -chains of length 2 are parametrized by
where the 2 maps Chain(C M , 1) → X are given by u (1) • δ 2 on the first copy and u
(1) • δ 1 on the second copy. Over this there is a universal family
denotes the universal family of the ith links of the r-chains. By iterating this we get Chain(C M , r) parametrizing length r chains
(11.5)
If C M → M is flat with irreducible fibers then C
M → Chain(C M , 1) is also flat with irreducible fibers. For a point x ∈ X we have
Thus we conclude the following. Note that if X is generically C M -connected, M is irreducible and both maps M ← C M → X are flat with irreducible fibers then, by (11.6.c), X is also generically C 
0 , the set of all (C 0 m , a) such that u(a) = x form a topologically locally trivial fiber bundle over the connected base (u 0 ) −1 (x). As we noted in (3.7),
Thus we obtain the following.
Corollary 14. Notation and assumptions as in (13). Then, for every m ∈ M , a ∈ C 0 m and x := u(a), the image of the induced map
depends only on X 0 , x and C M but not on m ∈ M and a ∈ C An equivalent formulation is the following. (15.2) Let X ,x → (X, x) be any covering space such that
for some m ∈ M and a ∈ C m . Then the lift exists for every n ∈ M, b ∈ C n for which u n (b) = x. Now fix a point x ∈ X. Corresponding to Γ(X, C, x) there is anétale cover
We do not yet know that Γ(X, C, x) has finite index, soX → X could have infinite degree. ThusX is an analytic space for now.
Proposition 16. Notation and assumptions as in (15). Then every C M -chain on X starting at x lifts to a C M -chain onX starting atx.
Proof. A C M -chain is given by the data u i : (C i , a i , b i ) → X. Set x 1 := x. By the choice of Γ(X, C, x 1 ),
If we letx 2 denote the image of b 1 then we can view the latter map as
We next apply (15) to
to see that if one of them lifts to (X,x 2 ) then so does the other. This gives us
We can iterate the argument to lift the whole chain.
Corollary 17. Notation and assumptions as in (15). Assume in addition that X is C M -connected. Then Γ(X, C, x) ⊂ π 1 X, x , as in (15.1), has finite index, thus q X : X ,x → X, x is an algebraicétale cover.
More precisely, the degree of q X is bounded by N := the number of irreducible components of the geometric generic fiber of α × β : Chain(X, dim X) → X × X.
Proof. Let Chain(C M , r, x) ⊂ Chain(C M , r) denote the subscheme parametrizing chains that start at x. Thus Chain(C M , r, x) is a fiber of α : Chain(C M , r) → X and, for general x ∈ X, the number of irreducible components of the geometric generic fiber of β : Chain(X, r, x) → X equals N .
Let lifts to aC m -chain onX starting atx. Thus
In particular, the end point map
By assumption (and [Kol96, 4.13]) β is dominant for r ≥ dim X. Therefore, by [Kol95, 2.10], the index is bounded as
18 (Proof of 4). The implication (4.1) ⇒ (4.2) was already noted in (3.1-3). It remains to show that (4.2) ⇒ (4.3).
As we noted in (12), replacing C M with an open subset ∅ = C 0 M ⊂ C M does not change the assumptions. Thus we may assume that the assumptions of (17) hold. This gives the bound N := the number of irreducible components of the geometric generic fiber of α × β : Chain(X, dim X) → X × X.
Proof of Theorem 5.
Fix an open subset X 0 ⊂ X and use (13) to obtain C 0 M ⊂ C M . Then pick a general point x ∈ X 0 and, as in Paragraph 15, construct
By Proposition 4, q 0 X has finite degree, thus it extends (uniquely) to a normal, possibly ramified, finite cover
If q X is alsoétale thenX 0 → X 0 is the pull-back of the finiteétale coverX → X; this is what (5.4) asserts.
All that remains is to derive a contradiction if q X is ramified. Since X is smooth, in this case there is a nonempty branch divisor B ⊂ X. First we show that most C M -chains starting at x lift toX. Then we use the branch divisor to show that most chains do not lift, thereby arriving at a contradiction. 
(Lifting
Since the C i are normal (even smooth) and q X :X → X is finite, every lifting u 
Other fields.
Our results apply to varieties over an arbitrary field, with two modifications. First, we have to use the algebraic fundamental group; which we still denote by π 1 . Note that if k is any field with algebraic closurek and p : Y → X is a morphism of geometrically irreducible k-varieties then the induced map π 1 (Y ) → π 1 (X) is surjective iff π 1 (Y × kk ) → π 1 (X × kk ) is surjective. Thus our questions are geometric in nature and the key point is to understand what happens over algebraically closed fields in positive characteristic.
The main difference is that even the classical Lefschetz theorem fails in the non-projective case. For instance, π 1 (A 1 ) → π 1 (A 2 ) is not surjective in positive characteristic. (An example is given by the cover (z p + z + x = 0) ⊂ A 3 of the xy-plane which splits over any line x = c.) This is remedied with the following variant of Definition 1. With this notion, the only question is what should replace the topologically trivial family used in (13). Topological triviality is used only through its consequence (15.1). In our case we need that Γ(X, C, x) := im π 1 C m , a → π 1 X, x → G ⊂ G be independent of m ∈ M and a ∈ C m . This is an easy consequence of the semicontinuity property of the fundamental groups in fibers; see [Kol03, Prop.16 ] for a precise statement and proof.
The rest of the arguments go through with minor changes.
